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Introduction

Statistics/probability needed for complex systems (many degrees of freedom, correlations, etc.)

Ex: Econometrics/finance, out-of-equilibrium systems (KPZ, disease propagation), statistical physics, …

When d.o.f independent or weak correlations: Central Limit Theorem (CLT) and generalization (Levy distribution)

For strong correlations, no general method…

Fluctuation of the energy in turbulence
Fluctuation of magnetization in 2D spin model

Bramwell, Holdsworth & Pinton ‘98



Central Limit Theorem

Take N random i.i.d variables                  (coin flips, spins, Brownian motion,…)

Distribution of the mean for large N,
<latexit sha1_base64="8k8Lum4OfIdTfNUspMCHtlHLGF0=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJFHUjFN24kgr2AU0Ik+mkHTqThJmJUEI2/oobF4q49TPc+TdOHwttPXDhcM693HtPmHKmtON8W0vLK6tr66WN8ubW9s6uvbffUkkmCW2ShCeyE2JFOYtpUzPNaSeVFIuQ03Y4vBn77UcqFUviBz1KqS9wP2YRI1gbKbAPxZUXSUxyt8jvCk9lImBIBSywK07VmQAtEndGKjBDI7C/vF5CMkFjTThWqus6qfZzLDUjnBZlL1M0xWSI+7RraIwFVX4+eaBAJ0bpoSiRpmKNJurviRwLpUYiNJ0C64Ga98bif14309Gln7M4zTSNyXRRlHGkEzROA/WYpETzkSGYSGZuRWSATR7aZFY2IbjzLy+S1lnVPa/W7muV+vUsjhIcwTGcggsXUIdbaEATCBTwDK/wZj1ZL9a79TFtXbJmMwfwB9bnD7coln8=</latexit>

m =
1

N

X

i

si

<latexit sha1_base64="nWv0AOPKBahl0AJWLX+6AMRfAJM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPOAZAmzk9lkyDzWmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2HFCQ4EHksWMYOuktumx624igl654lf9GdAyCXJSgRz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYclVhQE2azeyfoxCl9FCvtSlo0U39PZFgYMxaR6xTYDs2iNxX/8zqpja/CjMkktVSS+aI45cgqNH0e9ZmmxPKxI5ho5m5FZIg1JtZFVHIhBIsvL5PmWTW4qJ7fn1dqN3kcRTiCYziFAC6hBndQhwYQ4PAMr/DmPXov3rv3MW8tePnMIfyB9/kDn0GPtQ==</latexit>

si = ±1
<latexit sha1_base64="CHye4mnb++srdsueH9pUoWtIoak=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJF3QhFN66kgn1AU8JkOmmHziRx5kYoIX/gxl9x40IRt27d+TdOHwttPXDhcM693HtPkAiuwXG+rYXFpeWV1cJacX1jc2vb3tlt6DhVlNVpLGLVCohmgkesDhwEayWKERkI1gwGVyO/+cCU5nF0B8OEdSTpRTzklICRfPvIAy66DEt84YWK0MzNM0/fK8hu8tzTqfQ51j737ZJTdsbA88SdkhKaoubbX143pqlkEVBBtG67TgKdjCjgVLC86KWaJYQOSI+1DY2IZLqTjf/J8aFRujiMlakI8Fj9PZERqfVQBqZTEujrWW8k/ue1UwjPOxmPkhRYRCeLwlRgiPEoHNzlilEQQ0MIVdzcimmfmFjARFg0IbizL8+TxknZPS1Xbiul6uU0jgLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MWldsKYze+gPrM8fV2ac4Q==</latexit>

m̃ =
1p
N

X

i

si

Central Limit Theorem (CLT)
<latexit sha1_base64="kst/wUWzGXPHQ8aDuYQkYJq1kG0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSzWbb0CS7JtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpBwpo3rfju5tfWNza38dmFnd2//oHh41NRxqghtkJjHqh1gTTmTtGGY4bSdKIpFwGkrGN7O/NaIKs1i+WjGCfUF7ksWMYKNlfx6777cNYyHFInzXrHkVtw50CrxMlKCDPVe8asbxiQVVBrCsdYdz02MP8HKMMLptNBNNU0wGeI+7VgqsaDan8yPnqIzq4QoipUtadBc/T0xwULrsQhsp8BmoJe9mfif10lNdO1PmExSQyVZLIpSjkyMZgmgkClKDB9bgoli9lZEBlhhYmxOBRuCt/zyKmleVLzLSvWhWqrdZHHk4QROoQweXEEN7qAODSDwBM/wCm/OyHlx3p2PRWvOyWaO4Q+czx+H6pFO</latexit>

PN (m̃)

<latexit sha1_base64="nfvTOLHFGMaWnwc3mOoivPbnpwE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3N0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnsgHM07Rj+lA8ogzaqzU6RkuQiRxv1xxq+4cZJV4OalAjka//NULE5bFKA0TVOuu56bGn1BlOBM4LfUyjSllIzrArqWSxqj9yfzeKTmzSkiiRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmuvYnXKaZQckWi6JMEJOQ2fMk5AqZEWNLKFPc3krYkCrKjI2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgIeIZXeHMenRfn3flYtBacfOYY/sD5/AHFc4/O</latexit>

m̃
<latexit sha1_base64="cKMLnkYQivPu5ciC+DsAv4kmXS4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSSlqBeh6MVjBfsBTSybzaRdutmE3Y1QSi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZekHKmtON8W0vLK6tr64WN4ubW9s6uvbffVEkmKTRowhPZDogCzgQ0NNMc2qkEEgccWsHgeuK3HkAqlog7PUzBj0lPsIhRoo3UtY88TkSPA/Y04yHg+L7iyZly6XbtklN2psCLxM1JCeWod+0vL0xoFoPQlBOlOq6Tan9EpGaUw7joZQpSQgekBx1DBYlB+aPpF2N8YpQQR4k0JTSeqr8nRiRWahgHpjMmuq/mvYn4n9fJdHThj5hIMw2CzhZFGcc6wZNIcMgkUM2HhhAqmbkV0z6RhGoTXNGE4M6/vEialbJ7Vq7eVku1qzyOAjpEx+gUuegc1dANqqMGougRPaNX9GY9WS/Wu/Uxa12y8pkD9AfW5w8Td5ep</latexit>

hm̃2i = 1

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

<latexit sha1_base64="XklF5U94NrV6fXYm3ecgc6OkkFg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEkEcwDkiXMTmaTMfNYZmaFEPIPXjwo4tX/8ebfOEn2oNGChqKqm+6uKOHMWN//8nIrq2vrG/nNwtb2zu5ecf+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opG1zO/9Ui1YUre23FCQ4EHksWMYOukZr13WxanvWLJr/hzoL8kyEgJMtR7xc9uX5FUUGkJx8Z0Aj+x4QRrywin00I3NTTBZIQHtOOoxIKacDK/dopOnNJHsdKupEVz9efEBAtjxiJynQLboVn2ZuJ/Xie18WU4YTJJLZVksShOObIKzV5HfaYpsXzsCCaauVsRGWKNiXUBFVwIwfLLf0nzrBKcV6p31VLtKosjD0dwDGUI4AJqcAN1aACBB3iCF3j1lPfsvXnvi9acl80cwi94H9+QG456</latexit>

PN (m)

Law of large number

<latexit sha1_base64="mjzDdQkWxveI077nAc74oOI4bJg=">AAACBHicbZC7SgNBFIbPxluMt1XLNINBsAq7IaiNELSxkgjmAtk1zE5mkyGzs8vMrBBCChtfxcZCEVsfws63cZJsoYk/DHz85xzOnD9IOFPacb6t3Mrq2vpGfrOwtb2zu2fvHzRVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvpvXWA5WKxeJOjxLqR7gvWMgI1sbq2kWPY9HnFEX3FU/O8cILJSbuTdcuOWVnJrQMbgYlyFTv2l9eLyZpRIUmHCvVcZ1E+2MsNSOcTgpeqmiCyRD3acegwBFV/nh2xAQdG6eHwliaJzSaub8nxjhSahQFpjPCeqAWa1Pzv1on1eG5P2YiSTUVZL4oTDnSMZomgnpMUqL5yAAmkpm/IjLAJgFtciuYENzFk5ehWSm7p+XqbbVUu8ziyEMRjuAEXDiDGlxDHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AHWNl1c=</latexit>

hm2i = 1

N



Stable laws

Stable law: if X and Y are i.i.d.’s with law P, then M=a X+b Y has the same law (e.g. Normal distribution)

Generalized CLT for i.i.d.’s
Sum of i.i.d. random variables (correctly normalized) will converge to such a stable law

Stable laws for i.i.d.’s known
(Levy alpha-stable laws)



Generalized CLT for strongly correlated variables

Correlations:
<latexit sha1_base64="Z0goVO2qmmKBw3dudWjTR6TVJL8=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBFbAgVTDAWCT6kJooclyndes4ke0gVWlnFn6FhQGEWPkCNv4Gt80AhSNd6fice3V9jx8zKpVlfRm5hcWl5ZX8amFtfWNzy9zeacgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH1xN/OY9EZJG/E4NY+KGqMtpQDFSWvLMfYch3mUESo/q6jti9ryA16URPe6PjjyzaJWtKeBfYmekCDLUPPPT6UQ4CQlXmCEp27YVKzdFQlHMyLjgJJLECA9Ql7Q15Sgk0k2np4zhoVY6MIiELq7gVP05kaJQymHo684QqZ6c9ybif147UcG5m1IeJ4pwPFsUJAyqCE5ygR0qCFZsqAnCguq/QtxDAmGl0yvoEOz5k/+SxknZPi1XbivF6mUWRx7sgQNQAjY4A1VwA2qgDjB4AE/gBbwaj8az8Wa8z1pzRjazC37B+PgGWCeZZg==</latexit>

hsisji = G(|i� j|)

Weak correlations: Similar to i.i.d.’s: standard CLT

Example: Second order phase transitions

<latexit sha1_base64="CHye4mnb++srdsueH9pUoWtIoak=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJF3QhFN66kgn1AU8JkOmmHziRx5kYoIX/gxl9x40IRt27d+TdOHwttPXDhcM693HtPkAiuwXG+rYXFpeWV1cJacX1jc2vb3tlt6DhVlNVpLGLVCohmgkesDhwEayWKERkI1gwGVyO/+cCU5nF0B8OEdSTpRTzklICRfPvIAy66DEt84YWK0MzNM0/fK8hu8tzTqfQ51j737ZJTdsbA88SdkhKaoubbX143pqlkEVBBtG67TgKdjCjgVLC86KWaJYQOSI+1DY2IZLqTjf/J8aFRujiMlakI8Fj9PZERqfVQBqZTEujrWW8k/ue1UwjPOxmPkhRYRCeLwlRgiPEoHNzlilEQQ0MIVdzcimmfmFjARFg0IbizL8+TxknZPS1Xbiul6uU0jgLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MWldsKYze+gPrM8fV2ac4Q==</latexit>

m̃ =
1p
N

X

i

si

<latexit sha1_base64="fKU8HPeF4gqV8qj8u9BjqbFKbkk=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgFXZDUMugjZVEMA/IbsLs5CYZMju7zMwKYckX2PgrNhaK2Frb+TdOki008cDA4Zx7uXNOEHOmtON8W7m19Y3Nrfx2YWd3b//APjxqqiiRFBo04pFsB0QBZwIammkO7VgCCQMOrWB8PfNbDyAVi8S9nsTgh2Qo2IBRoo3Us0seJ2LIAXua8T7gsFvxZKbEMop1hG+7Ts8uOmVnDrxK3IwUUYZ6z/7y+hFNQhCacqJUx3Vi7adEakY5TAteoiAmdEyG0DFUkBCUn87jTHHJKH08iKR5QuO5+nsjJaFSkzAwkyHRI7XszcT/vE6iB5d+ykScaBB0cWiQcGxCzrrBfSaBaj4xhFDJzF8xHRFJqDYNFkwJ7nLkVdKslN3zcvWuWqxdZXXk0Qk6RWfIRReohm5QHTUQRY/oGb2iN+vJerHerY/FaM7Kdo7RH1ifPzEmm5E=</latexit>

hm̃2i / N0

Strong correlations:
<latexit sha1_base64="wQZ+ZJlN9HrxyL1bASPw2x1aM5w=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+CqzNSibgTRjStRsLbQqSWT3mmDSWZI7ghl6Ie48VfcuFDEjQvBvzF9LHwdCBzOOZebe6JUCou+/+lNTc/Mzs0vLBaWlldW14rrG9c2yQyHGk9kYhoRsyCFhhoKlNBIDTAVSahHt6dDv34HxopEX2E/hZZiXS1iwRk6qV3cC6VQtJ2fh5iEQsfYH4SS6a4EGqKQHaDqphKasXI0TrSLJb/sj0D/kmBCSmSCi3bxPewkPFOgkUtmbTPwU2zlzKDgEgaFMLOQMn7LutB0VDMFtpWPjhvQHad0aJwY9zTSkfp9ImfK2r6KXFIx7Nnf3lD8z2tmGB+2cqHTDEHz8aI4kxQTOmyKdoQBjrLvCONGuL9S3mOGcXR9FlwJwe+T/5LrSjnYL1cvq6Xjk0kdC2SLbJNdEpADckzOyAWpEU7uySN5Ji/eg/fkvXpv4+iUN5nZJD/gfXwBLGaiDA==</latexit>

lim
N!1

hm̃2i = 1

Standard model of statistical physics: Ising model
<latexit sha1_base64="tB4n0quO5awDwZql7+VmRR2nE+g=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUBkqCKmCsYOlYpL6kJkSO67RWncSyHaQqysDCr7AwgBArH8HG3+C2GaBwJEtH59yr63N8zqhUlvVlFFZW19Y3ipulre2d3T1z/6Ar40Rg0sExi0XfR5IwGpGOooqRPhcEhT4jPX9yM/N790RIGkdtNeXEDdEoogHFSGnJM8utqpNKjzrZCXS4iLmKIblLT5tn7cwzK1bNmgP+JXZOKiBHyzM/nWGMk5BECjMk5cC2uHJTJBTFjGQlJ5GEIzxBIzLQNEIhkW46D5HBY60MYRAL/SIF5+rPjRSFUk5DX0+GSI3lsjcT//MGiQqu3JRGPFEkwotDQcKgTjprBA6pIFixqSYIC6r/CvEYCYSV7q2kS7CXI/8l3fOafVGr39Yrjeu8jiIogyNQBTa4BA3QBC3QARg8gCfwAl6NR+PZeDPeF6MFI985BL9gfHwDUAWXQQ==</latexit>

P ({si}) / e�H/T

Energy of configuration: 

Number of spins:

<latexit sha1_base64="1//qlO5Pcfo3rHm2R+nnc5hwuhE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcaEmkqBuh6Ka4qmAf0IQwmU7aaSeTMDMRSugXuPFX3LhQxK1rd/6N0zQLbT1w4XDOvXfmHj9mVCrL+jaWlldW19YLG8XNre2dXXNvvyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Qz9dsPREga8Xs1jokboj6nAcVIackzy/Wr01tHJqGXOgzxPiOQngwdkdEJlB7VNfTMklWxMsBFYuekBHI0PPPL6UU4CQlXmCEpu7YVKzdFQlGs9xadRJIY4RHqk66mHIVEuml2zgSWtdKDQSR0cQUz9fdEikIpx6GvO0OkBnLem4r/ed1EBZduSnmcKMLx7KEgYVBFcJoN7FFBsGJjTRAWVP8V4gESCCudYFGHYM+fvEhaZxX7vFK9q5Zq13kcBXAIjsAxsMEFqIE6aIAmwOARPINX8GY8GS/Gu/Exa10y8pkD8AfG5w9GTpuk</latexit>

H = �J

X

hi,ji

sisj
<latexit sha1_base64="RjOP9xlOKcSFRWTo70s6AqqzAR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVC9C0YsHkQqmLbSxbDabdulmE3Y3Qgn9DV48KOLVH+TNf+O2zUFbHww83pthZp6fcKa0bX9bhZXVtfWN4mZpa3tnd6+8f9BScSoJdUnMY9nxsaKcCepqpjntJJLiyOe07Y+up377iUrFYvGgxwn1IjwQLGQEayO5d5e3j0G/XLGr9gxomTg5qUCOZr/81QtikkZUaMKxUl3HTrSXYakZ4XRS6qWKJpiM8IB2DRU4osrLZsdO0IlRAhTG0pTQaKb+nshwpNQ48k1nhPVQLXpT8T+vm+rwwsuYSFJNBZkvClOOdIymn6OASUo0HxuCiWTmVkSGWGKiTT4lE4Kz+PIyaZ1VnXq1dl+rNK7yOIpwBMdwCg6cQwNuoAkuEGDwDK/wZgnrxXq3PuatBSufOYQ/sD5/ADXZjk4=</latexit>

N = Ld



Basics of the Ising model

Phase transition from paramagnet at high T  (              ) to a ferromagnet at low T  (              ) 
<latexit sha1_base64="Lk+WIdB3KHUrOEYQ5+YalG3xS5s=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFHUjFN24rGAv0IQwmU7aoZNJmJkItRRfxY0LRdz6Hu58G6dpFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL22UN7e2d3btvf2WSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPhzbTefqBSsUTc61FK/Rj3BYsYwdpYgX3ocSz6nCIVME/meOUEdsWpOrnQIrgFVKBQI7C/vF5CspgKTThWqus6qfbHWGpGOJ2UvUzRFJMh7tOuQYFjqvxxfv0EnRinh6JEmic0yt3fE2McKzWKQ9MZYz1Q87Wp+V+tm+no0h8zkWaaCjJbFGUc6QRNo0A9JinRfGQAE8nMrYgMsMREm8DKJgR3/suL0DqruufV2l2tUr8u4ijBERzDKbhwAXW4hQY0gcAjPMMrvFlP1ov1bn3MWpesYuYA/sj6/AHzU5To</latexit>

hsii = 0
<latexit sha1_base64="2slBrH+k4Ij5mASDF1es5uYQycQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqiRR1WXTjsoK9QBPCZHrSDp1M4sxEKKUbX8WNC0Xc+hjufBunaRba+sPAx3/O4cz5w5QzpR3n2yqtrK6tb5Q3K1vbO7t79v5BWyWZpNCiCU9kNyQKOBPQ0kxz6KYSSBxy6ISjm1m98whSsUTc63EKfkwGgkWMEm2swD7yOBEDDlgFzJM5egIenMCuOjUnF14Gt4AqKtQM7C+vn9AsBqEpJ0r1XCfV/oRIzSiHacXLFKSEjsgAegYFiUH5k/yAKT41Th9HiTRPaJy7vycmJFZqHIemMyZ6qBZrM/O/Wi/T0ZU/YSLNNAg6XxRlHOsEz9LAfSaBaj42QKhk5q+YDokkVJvMKiYEd/HkZWif19yLWv2uXm1cF3GU0TE6QWfIRZeogW5RE7UQRVP0jF7Rm/VkvVjv1se8tWQVM4foj6zPH5XClmk=</latexit>

hsii 6= 0

High temperature (T>>Tc): finite correlation length

- scale invariance at Tc

- scaling

- universality (e.g. liquid-gas critical point, many ferromagnets)

- conformal invariance, fractal dimension of domains,…

<latexit sha1_base64="yow6ef1b5dQIUko7b0YaB0A9lok="></latexit>

hsisji /
1

|i� j|d�2+⌘

<latexit sha1_base64="W9Z12PVnKI0U9OVo/c5+6vW868A=">AAACIXicbVDLSgMxFM34rPVVdekmWIS6sMxI0S6LblxW6As6dcikt21oJjMkGaEM8ytu/BU3LhTpTvwZ02kX2nogcDjnXk7u8SPOlLbtL2ttfWNzazu3k9/d2z84LBwdt1QYSwpNGvJQdnyigDMBTc00h04kgQQ+h7Y/vpv57SeQioWioScR9AIyFGzAKNFG8gpVlxMx5ICVx1w5p24kw0iHuNTw6GXj4jFJ3CwokdBPseuDJmnqFYp22c6AV4mzIEW0QN0rTN1+SOMAhKacKNV17Ej3EiI1oxzSvBsriAgdkyF0DRUkANVLsuAUnxuljwehNE9onKm/NxISKDUJfDMZED1Sy95M/M/rxnpQ7SVMRLEGQedBg5hjc/6sLtxnEqjmE0MIlcz8FdMRkYRqU2relOAsn7xKWldl57pceagUa7eLOnLoFJ2hEnLQDaqhe1RHTUTRM3pF7+jDerHerE9rOh9dsxY7J+gPrO8fF7CkHw==</latexit>

hsii / (Tc � T )�

<latexit sha1_base64="34naPLjHhetqiNSj+I4j2kS+1KY=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEhdWiWoAsYKFsYi9SU1pXIcp7Xq2JHtIKo0v8DCr7AwgBArGxt/g/sYoOVIlo7OuQ/f48eMKu0439bK6tr6xmZuK7+9s7u3bx8cNpVIJCYNLJiQbR8pwignDU01I+1YEhT5jLT84fXEb90TqajgdT2KSTdCfU5DipE2Us8ueg8UerEUsRZwXO/hUn18l5ZSbzo6lSTIoMeTLOvZBafsTAGXiTsnBTBHrWd/eYHASUS4xgwp1XGdWHdTJDXFjGR5L1EkRniI+qRjKEcRUd10ujaDp0YJYCikeVzDqfq7I0WRUqPIN5UR0gO16E3E/7xOosPLbkp5nGjC8WxRmDBorp/EAwMqCdZsZAjCkpq/QjxAEmFtQsybENzFk5dJ86zsnpcrt5VC9WoeRw4cgxNQBC64AFVwA2qgATB4BM/gFbxZT9aL9W59zEpXrHnPEfgD6/MHGGyd2A==</latexit>

⇠ / |Tc � T |�⌫
<latexit sha1_base64="4wbbEzm2yMovRJ/zqMrlxmD3vY0=">AAACB3icbVDLSsNAFL2pr1pfUZeCBIsgiCUpRd0IRTcuK9gHNKFMJpN26GQSZiZCCd258VfcuFDErb/gzr9xmnahrQcunDnnXube4yeMSmXb30ZhaXllda24XtrY3NreMXf3WjJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzcTv/1AhKQxv1ejhHgR6nMaUoyUlnrmoRsKhF2fKOTy9Cp/ZcFZ9dTVyrjaM8t2xc5hLRJnRsowQ6NnfrlBjNOIcIUZkrLr2InyMiQUxYyMS24qSYLwEPVJV1OOIiK9LL9jbB1rJbDCWOjiysrV3xMZiqQcRb7ujJAayHlvIv7ndVMVXnoZ5UmqCMfTj8KUWSq2JqFYARUEKzbSBGFB9a4WHiAdhdLRlXQIzvzJi6RVrTjnldpdrVy/nsVRhAM4ghNw4ALqcAsNaAKGR3iGV3gznowX4934mLYWjNnMPvyB8fkDTHuY8g==</latexit>

�

⌫
=

d� 2 + ⌘

2

L

<latexit sha1_base64="aWWdUa95KgFsgXKaGeZ41Pcljmw=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBg5REinosevHgoYL9gCaWzXbTLt1swu5EDaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPNjwTXY9rdVWFpeWV0rrpc2Nre2d8q7ey0dJYqyJo1EpDo+0UxwyZrAQbBOrBgJfcHa/uhq4rcfmNI8kneQxswLyUDygFMCRrp3n/jJjQuRy2UAaa9csav2FHiRODmpoByNXvnL7Uc0CZkEKojWXceOwcuIAk4FG5fcRLOY0BEZsK6hkoRMe9n06jE+MkofB5EyJQFP1d8TGQm1TkPfdIYEhnrem4j/ed0Eggsv4zJOgEk6WxQkAkOEJxHgPleMgkgNIVRxcyumQ6IIBRNUyYTgzL+8SFqnVeesWrutVeqXeRxFdIAO0TFy0Dmqo2vUQE1EkULP6BW9WY/Wi/VufcxaC1Y+s4/+wPr8AYLIkok=</latexit>

⇠, L ! 1
Close to Tc, many emergent phenomena:

<latexit sha1_base64="A9XKi3T5bBM+8ZphMUbI8AfYC9Q=">AAACF3icbVDLTgIxFO3gC/E16tJNIzFxA84Yoi6JblxiIo+EQdIpFyh0OpO2YyQDf+HGX3HjQmPc6s6/sTwWCp7kJqfn3Jvbe/yIM6Ud59tKLS2vrK6l1zMbm1vbO/buXkWFsaRQpiEPZc0nCjgTUNZMc6hFEkjgc6j6/auxX70HqVgobvUggkZAOoK1GSXaSE07jz1ORIcDVk1mqufJ6dOLZBjpEMNdkhuyXG944j2wUdPOOnlnArxI3BnJohlKTfvLa4U0DkBoyolSddeJdCMhUjPKYZTxYgURoX3SgbqhggSgGsnkrhE+MkoLt0NpSmg8UX9PJCRQahD4pjMguqvmvbH4n1ePdfuikTARxRoEnS5qxxybe8ch4RaTQDUfGEKoZOavmHaJJFSbKDMmBHf+5EVSOc27Z/nCTSFbvJzFkUYH6BAdIxedoyK6RiVURhQ9omf0it6sJ+vFerc+pq0pazazj/7A+vwBe0efhw==</latexit>

hsisji / e�|i�j|/⇠



Distribution of the magnetization

High temperature phase: many independent blocks
Weak correlations and gaussian distribution 

<latexit sha1_base64="YWZjj5uadxyRk5etASg6sEtVLKw=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwVUlVAWMFC2OR6ENq0spxblurjhPZDqKq+gks/AoLAwixMrLxN7htBmg5kqWjc+7V9TlBwpnSjvNt5VZW19Y38puFre2d3T17/6Ch4lRSqNOYx7IVEAWcCahrpjm0EgkkCjg0g+H11G/eg1QsFnd6lIAfkb5gPUaJNlLXPvU4EX0O2NOMh4CjTtmTmZLIONEx9h5Yp9y1i07JmQEvEzcjRZSh1rW/vDCmaQRCU06UartOov0xkZpRDpOClypICB2SPrQNFSQC5Y9ngSb4xCgh7sXSPKHxTP29MSaRUqMoMJMR0QO16E3F/7x2qnuX/piJJNUg6PxQL+XYxJy2g0MmgWo+MoRQycxfMR0QSag2HRZMCe5i5GXSKJfc81LltlKsXmV15NEROkZnyEUXqIpuUA3VEUWP6Bm9ojfryXqx3q2P+WjOynYO0R9Ynz8FTJyW</latexit>

hm̃2i / ⇠2

Exactly at Tc :
<latexit sha1_base64="o+Tn48Vkt8Gcp9Scxh7j07Bj/Sw=">AAACFXicbVC7SgNBFJ31GeMramkzGAQLDbshqGXQxsIiglEhu4bZ2Zs4ODu7zNwVwpKfsPFXbCwUsRXs/BsnyRa+DgwczrmXO+eEqRQGXffTmZqemZ2bLy2UF5eWV1Yra+sXJsk0hzZPZKKvQmZACgVtFCjhKtXA4lDCZXh7PPIv70AbkahzHKQQxKyvRE9whlbqVnZ9yVRfAvVRyAhofF33daGkOkkxoafXeX3PB2TDbqXq1twx6F/iFaRKCrS6lQ8/SngWg0IumTEdz00xyJlGwSUMy35mIGX8lvWhY6liMZggH6ca0m2rRLSXaPsU0rH6fSNnsTGDOLSTMcMb89sbif95nQx7h0EuVJohKD451MsktVlHFdFIaOAoB5YwroX9K+U3TDOOtsiyLcH7HfkvuajXvP1a46xRbR4VdZTIJtkiO8QjB6RJTkiLtAkn9+SRPJMX58F5cl6dt8nolFPsbJAfcN6/AL/xnpI=</latexit>

hm̃2i / L2�⌘ Strong correlations and non-Gaussian distribution
<latexit sha1_base64="BN84hVL8S7tIKSJ/ocBGPEdEoKk="></latexit>

hm2i / L�d+2�⌘ = L�2�/⌫

3D Ising model at T=Tc

Xu and Landau ‘20

Stable law 
for strongly correlated variables

<latexit sha1_base64="NoC7UJRr2Otc7JSxnOqeVeUhjII=">AAACDnicbVDLSgMxFM3Ud31VXboJlkIVrDMi6lJ0o+Cigq1CZ1oy6Z02mGSGJCOUoV/gxl9x40IRt67d+Temj4VWDwQO59zLzTlhwpk2rvvl5KamZ2bn5hfyi0vLK6uFtfW6jlNFoUZjHqvbkGjgTELNMMPhNlFARMjhJrw7G/g396A0i+W16SUQCNKRLGKUGCu1CqVqWWz7iYoTE2NoZrsXzZ2ywJfNzA/BkD1fpv3tfqtQdCvuEPgv8cakiMaotgqffjumqQBpKCdaNzw3MUFGlGGUQz/vpxoSQu9IBxqWSiJAB9kwTh+XrNLGUazskwYP1Z8bGRFa90RoJwUxXT3pDcT/vEZqouMgYzJJDUg6OhSlHNvog25wmymghvcsIVQx+1dMu0QRamyDeVuCNxn5L6nvV7zDysHVQfHkdFzHPNpEW6iMPHSETtA5qqIaougBPaEX9Oo8Os/Om/M+Gs05450N9AvOxzcrzZrz</latexit>

P (m) / e�I⇤(mL�/⌫)

<latexit sha1_base64="CHye4mnb++srdsueH9pUoWtIoak=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJF3QhFN66kgn1AU8JkOmmHziRx5kYoIX/gxl9x40IRt27d+TdOHwttPXDhcM693HtPkAiuwXG+rYXFpeWV1cJacX1jc2vb3tlt6DhVlNVpLGLVCohmgkesDhwEayWKERkI1gwGVyO/+cCU5nF0B8OEdSTpRTzklICRfPvIAy66DEt84YWK0MzNM0/fK8hu8tzTqfQ51j737ZJTdsbA88SdkhKaoubbX143pqlkEVBBtG67TgKdjCjgVLC86KWaJYQOSI+1DY2IZLqTjf/J8aFRujiMlakI8Fj9PZERqfVQBqZTEujrWW8k/ue1UwjPOxmPkhRYRCeLwlRgiPEoHNzlilEQQ0MIVdzcimmfmFjARFg0IbizL8+TxknZPS1Xbiul6uU0jgLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MWldsKYze+gPrM8fV2ac4Q==</latexit>

m̃ =
1p
N

X

i

si



Understanding the scaling of typical magnetization fluctuations

Number of “truly correlated” spins with a spin at position i: 
<latexit sha1_base64="wCkxjWwjYzp1QuqaOjS4XOrGLY8=">AAACIHicbVDLSgMxFM34rPVVdekmWAQ3lpki6rLoxoVIBauFzjhk0js1bZIZkoxQhn6KG3/FjQtFdKdfY/pYqPXAhZNz7uXmnijlTBvX/XRmZufmFxYLS8XlldW19dLG5rVOMkWhQROeqGZENHAmoWGY4dBMFRARcbiJeqdD/+YelGaJvDL9FAJBOpLFjBJjpbB0dBHmNFEDXzPh60yEXexzIjscsA6Zra6vRs9hAz6/zav7PhgyCEtlt+KOgKeJNyFlNEE9LH347YRmAqShnGjd8tzUBDlRhlEOg6KfaUgJ7ZEOtCyVRIAO8tGBA7xrlTaOE2VLGjxSf07kRGjdF5HtFMTc6b/eUPzPa2UmPg5yJtPMgKTjRXHGsUnwMC3cZgqo4X1LCFXM/hXTO6IINTbTog3B+3vyNLmuVrzDysHlQbl2MomjgLbRDtpDHjpCNXSG6qiBKHpAT+gFvTqPzrPz5ryPW2ecycwW+gXn6xtnhqO5</latexit>

Ncor ⇠
X

j

hsisji ⇠ L2�⌘

Assume that these correlated spins behave as a block-spin

Number of block spins
<latexit sha1_base64="0QVN1CmLGmHxaUDkfbdIRTj686Y=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBLEmpajLUjcuilS0F2jSMplM2qGTCzMToYQ8hhtfxY0LRdx259s4bbPQ1h8Gfr5zDmfO70SMCmkY31puZXVtfSO/Wdja3tnd0/cPWiKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtjG6m9fYT4YKGwaMcR8T20SCgHsVIKtTXL+76Se0htQT1oeVxhJN6z00TRXHI0zmv9xL3vHxmEYnSvl40SsZMcNmYmSmCTI2+PrHcEMc+CSRmSIiuaUTSThCXFDOSFqxYkAjhERqQrrIB8omwk9lhKTxRxIVeyNULJJzR3xMJ8oUY+47q9JEcisXaFP5X68bSu7YTGkSxJAGeL/JiBmUIpylBl3KCJRsrgzCn6q8QD5GKR6osCyoEc/HkZdMql8zLUuW+UqzWsjjy4Agcg1NggitQBbegAZoAg2fwCt7Bh/aivWmf2te8NadlM4fgj7TJD+v5oFM=</latexit>

NBS ⇠ Ld

Ncor
⇠ Ld�2+⌘

<latexit sha1_base64="emcN9dg3jAQC6AbqSV7o+MeXZr8=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5JIUS9C0Yu9VbQf0ISw2W7bpZtN2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKa043xbS8srq2vrhY3i5tb2zq69t99UcSoJbZCYx7IdYkU5E7Shmea0nUiKo5DTVji8mfitRyoVi8WDHiXUj3BfsB4jWBspsA/vg9qVp9IoyJjHBKqNkQpYYJecsjMFWiRuTkqQox7YX143JmlEhSYcK9VxnUT7GZaaEU7HRS9VNMFkiPu0Y6jAEVV+Nj1/jE6M0kW9WJoSGk3V3xMZjpQaRaHpjLAeqHlvIv7ndVLdu/QzJpJUU0Fmi3opRzpGkyxQl0lKNB8Zgolk5lZEBlhiok1iRROCO//yImmeld3zcuWuUqpe53EU4AiO4RRcuIAq3EIdGkAgg2d4hTfryXqx3q2PWeuSlc8cwB9Ynz9qqpUm</latexit>

SI =
X

i2I

si

Block-spins are not independent, or we would recover the standard CLT
Can we compute the corresponding stable law?

Bouchaud & Georges ‘90<latexit sha1_base64="BN84hVL8S7tIKSJ/ocBGPEdEoKk="></latexit>

hm2i / L�d+2�⌘ = L�2�/⌫

Total magnetization                                                       

is thus expected to have fluctuations of order

<latexit sha1_base64="vIx2fclqEBYdCH+IYSY64rvsB4c=">AAACHHicbVDLSsNAFJ3UV62vqks3g0VwVRIt6kYodWNBpFL7gLaGyWTSDp1JwsxEKCEf4sZfceNCETcuBP/GaRtBWw9cOJxzL/fe44SMSmWaX0ZmYXFpeSW7mltb39jcym/vNGUQCUwaOGCBaDtIEkZ90lBUMdIOBUHcYaTlDC/GfuueCEkD/1aNQtLjqO9Tj2KktGTnj/l51xMIW/HVXewmSVdG3KZQ2vRHv7bjSj1J4MSpwrpdtfMFs2hOAOeJlZICSFGz8x9dN8ARJ77CDEnZscxQ9WIkFMWMJLluJEmI8BD1SUdTH3Eie/HkuQQeaMWFXiB0+QpO1N8TMeJSjrijOzlSAznrjcX/vE6kvLNeTP0wUsTH00VexKAK4Dgp6FJBsGIjTRAWVN8K8QDpTJTOM6dDsGZfnifNo6J1UizdlArlShpHFuyBfXAILHAKyuAS1EADYPAAnsALeDUejWfjzXiftmaMdGYX/IHx+Q1WzaGD</latexit>

m =
1

Ld

X

i

si =
1

NBS

X

I

SI

<latexit sha1_base64="X003V+qnnq4BHWPLx3f2xhPZ7ro=">AAACDXicbVDLSsNAFJ34rPUVdekmWAU31kSKuhFK3bgQqWgf0NQymU7aoZNJnLkRSsgPuPFX3LhQxK17d/6N08dCWw9cOJxzL/fe40WcKbDtb2Nmdm5+YTGzlF1eWV1bNzc2qyqMJaEVEvJQ1j2sKGeCVoABp/VIUhx4nNa83vnArz1QqVgobqEf0WaAO4L5jGDQUsvcdX2JiZO46l5CctVKSjdpmp5d3iUHrkcBH7oiTltmzs7bQ1jTxBmTHBqj3DK/3HZI4oAKIBwr1XDsCJoJlsAIp2nWjRWNMOnhDm1oKnBAVTMZfpNae1ppW34odQmwhurviQQHSvUDT3cGGLpq0huI/3mNGPzTZsJEFAMVZLTIj7kFoTWIxmozSQnwviaYSKZvtUgX63hAB5jVITiTL0+T6lHeOc4Xrgu5YmkcRwZtox20jxx0goroApVRBRH0iJ7RK3oznowX4934GLXOGOOZLfQHxucPzCmcBw==</latexit>

1p
NBS

= L��/⌫



Renormalization group

<latexit sha1_base64="AKHaxPiNHpAFHV+qVavNc9LpHQE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6KXHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5G7ud56o0kyKBzONqR/hkWAhI9hYqd0YuGV9OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqneV0v12yyOPJzBOZTBg2uoQwOa0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AXx+OWg==</latexit>

H0(s)
<latexit sha1_base64="9r+PiAq7AAZifOdSrhbOlxwqabY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6KXHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5G7ud56o0kyKBzONqR/hkWAhI9hYqd0YeGV9OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqneV0v12yyOPJzBOZTBg2uoQwOa0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AYKaOWw==</latexit>

H1(s)

At criticality,                                        fixed point Hamiltonian for block-spin variables

Jona-Lasino ‘75: RG transformation induces a flow of the probability distribution 
<latexit sha1_base64="2Yo/0u71KiycN9AXQBZPM+AMKjo=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4sexKUY9FLz1WsB/Qrks2nbahSXZJsoWy9J948aCIV/+JN/+NabsHbX0w8Hhvhpl5UcKZNp737aytb2xubRd2irt7+weH7tFxU8epotCgMY9VOyIaOJPQMMxwaCcKiIg4tKLR/cxvjUFpFstHM0kgEGQgWZ9RYqwUum49lF3NBIan7LIWymnolryyNwdeJX5OSihHPXS/ur2YpgKkoZxo3fG9xAQZUYZRDtNiN9WQEDoiA+hYKokAHWTzy6f43Co93I+VLWnwXP09kRGh9UREtlMQM9TL3kz8z+ukpn8bZEwmqQFJF4v6KccmxrMYcI8poIZPLCFUMXsrpkOiCDU2rKINwV9+eZU0r8r+dbnyUClV7/I4CugUnaEL5KMbVEU1VEcNRNEYPaNX9OZkzovz7nwsWtecfOYE/YHz+QPnqJMz</latexit>

Pn ⇠ e�Hn

Non critical theory = standard Central Limit Theorem
(non-trivial) critical point = generalized CLT

<latexit sha1_base64="2a1wluwCWZ5yNbFpevlT9/WI7zI=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkUQF2VGirosuumygn1gOwyZNNOGZjJDkhHK0L9w40IRt/6NO//GtJ2Fth4IHM65l9xzgkRwbRznGxXW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB+G7md56Y0jyWD2aSMC8iQ8lDTomx0mPDl30T44Z/4ZcrTtWZA68SNycVyNH0y1/9QUzTiElDBdG65zqJ8TKiDKeCTUv9VLOE0DEZsp6lkkRMe9n84ik+s8oAh7GyTxo8V39vZCTSehIFdjIiZqSXvZn4n9dLTXjjZVwmqWGSLj4KU4FtyFl8POCKUSMmlhCquL0V0xFRhBpbUsmW4C5HXiXty6p7Va3d1yr127yOIpzAKZyDC9dQhwY0oQUUJDzDK7whjV7QO/pYjBZQvnMMf4A+fwCEepAs</latexit>

Hn ! H⇤

<latexit sha1_base64="AIszBiR0x6wdwUAuevpDVeclveQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWw2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnshHM07Rj+lA8ogzaqzUvuyFKAztlytu1Z2DrBIvJxXI0eiXv3phwrIYpWGCat313NT4E6oMZwKnpV6mMaVsRAfYtVTSGLU/mZ87JWdWCUmUKFvSkLn6e2JCY63HcWA7Y2qGetmbif953cxEN/6EyzQzKNliUZQJYhIy+52EXCEzYmwJZYrbWwkbUkWZsQmVbAje8surpHVR9a6qtYdapX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDmp8+K8Ox+L1oKTzxzDHzifPwf1j2I=</latexit>

3�

Fundamental understanding of critical phenomena: renormalization group (block spins) 



Example: CLT from blocking

<latexit sha1_base64="AIszBiR0x6wdwUAuevpDVeclveQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWw2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnshHM07Rj+lA8ogzaqzUvuyFKAztlytu1Z2DrBIvJxXI0eiXv3phwrIYpWGCat313NT4E6oMZwKnpV6mMaVsRAfYtVTSGLU/mZ87JWdWCUmUKFvSkLn6e2JCY63HcWA7Y2qGetmbif953cxEN/6EyzQzKNliUZQJYhIy+52EXCEzYmwJZYrbWwkbUkWZsQmVbAje8surpHVR9a6qtYdapX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDmp8+K8Ox+L1oKTzxzDHzifPwf1j2I=</latexit>

3�

rescaling of the spins and lattice
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<latexit sha1_base64="xC08hpaVZgR2mn8tnMus2A6n48I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PL7blWf98sVt+bOgVaJl5MK5PD75a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrouZd1ur39UrjJo+jCCdwClXw4AoacAc+NIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx9rZ45i</latexit>

P0(s)
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<latexit sha1_base64="emcN9dg3jAQC6AbqSV7o+MeXZr8=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5JIUS9C0Yu9VbQf0ISw2W7bpZtN2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKa043xbS8srq2vrhY3i5tb2zq69t99UcSoJbZCYx7IdYkU5E7Shmea0nUiKo5DTVji8mfitRyoVi8WDHiXUj3BfsB4jWBspsA/vg9qVp9IoyJjHBKqNkQpYYJecsjMFWiRuTkqQox7YX143JmlEhSYcK9VxnUT7GZaaEU7HRS9VNMFkiPu0Y6jAEVV+Nj1/jE6M0kW9WJoSGk3V3xMZjpQaRaHpjLAeqHlvIv7ndVLdu/QzJpJUU0Fmi3opRzpGkyxQl0lKNB8Zgolk5lZEBlhiok1iRROCO//yImmeld3zcuWuUqpe53EU4AiO4RRcuIAq3EIdGkAgg2d4hTfryXqx3q2PWeuSlc8cwB9Ynz9qqpUm</latexit>

SI =
X

i2I

si
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<latexit sha1_base64="LpmMuwStFceNNKrXsG3Jf8gzywU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PL7XlWf98sVt+bOgVaJl5MK5PD75a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrouZd1ur39UrjJo+jCCdwClXw4AoacAc+NIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx9s7o5j</latexit>

P1(s)

<latexit sha1_base64="J13ZiBDSXkxaAoS94CjkCbXoyxA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiZSfCyEohu7q2gf0IYwmU7boZNJnJkUSuifuHGhiFv/xJ1/47TNQqsHLhzOuZd77wlizpR2nC8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsObqd8cUalYJB70OKZeiPuC9RjB2ki+bSu/enXvV0866lHq9HLi20Wn5MyA/hI3I0XIUPPtz043IklIhSYcK9V2nVh7KZaaEU4nhU6iaIzJEPdp21CBQ6q8dHb5BB0ZpYt6kTQlNJqpPydSHCo1DgPTGWI9UIveVPzPaye6d+GlTMSJpoLMF/USjnSEpjGgLpOUaD42BBPJzK2IDLDERJuwCiYEd/Hlv6RxWnLPSuW7crFyncWRhwM4hGNw4RwqcAs1qAOBETzBC7xaqfVsvVnv89aclc3swy9YH9/cYJMt</latexit>

sI = SI/
p
9

For independent variables



Example: CLT from blocking

<latexit sha1_base64="AIszBiR0x6wdwUAuevpDVeclveQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWw2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnshHM07Rj+lA8ogzaqzUvuyFKAztlytu1Z2DrBIvJxXI0eiXv3phwrIYpWGCat313NT4E6oMZwKnpV6mMaVsRAfYtVTSGLU/mZ87JWdWCUmUKFvSkLn6e2JCY63HcWA7Y2qGetmbif953cxEN/6EyzQzKNliUZQJYhIy+52EXCEzYmwJZYrbWwkbUkWZsQmVbAje8surpHVR9a6qtYdapX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDmp8+K8Ox+L1oKTzxzDHzifPwf1j2I=</latexit>

3�

rescaling of the spins and latticeFor independent variables
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<latexit sha1_base64="LpmMuwStFceNNKrXsG3Jf8gzywU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PL7XlWf98sVt+bOgVaJl5MK5PD75a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URNdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrouZd1ur39UrjJo+jCCdwClXw4AoacAc+NIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx9s7o5j</latexit>

P1(s)
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0.8 <latexit sha1_base64="/oA3z9a2pEoem3H18hDx39C0DTM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuKdVj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0cVMv6clAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjtp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvXqnd10qNmyyOPJzBOZTBgytowB00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AbnWOZA==</latexit>

P2(s)



Example: CLT from blocking

<latexit sha1_base64="AIszBiR0x6wdwUAuevpDVeclveQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWw2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnshHM07Rj+lA8ogzaqzUvuyFKAztlytu1Z2DrBIvJxXI0eiXv3phwrIYpWGCat313NT4E6oMZwKnpV6mMaVsRAfYtVTSGLU/mZ87JWdWCUmUKFvSkLn6e2JCY63HcWA7Y2qGetmbif953cxEN/6EyzQzKNliUZQJYhIy+52EXCEzYmwJZYrbWwkbUkWZsQmVbAje8surpHVR9a6qtYdapX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDmp8+K8Ox+L1oKTzxzDHzifPwf1j2I=</latexit>

3�

rescaling of the spins and latticeFor independent variables
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<latexit sha1_base64="abw2QI2s+eDak10QiBFg4Uu3qUI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PL7oqrP++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfMua/X7eqVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/KGY6g</latexit>

Pn(s)
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<latexit sha1_base64="NNvS6KEZ6txgcH1xFFmj/Ti77uM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiQtiVoB6DXjxGMA9MQpid9CZDZmeXmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+4uPxZcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzDjGbkgHkgecUWOlx1ovlefepKTPeoWiW3ZnIMvEy0gRMtR6ha9OP2JJiNIwQbVue25suilVhjOBk3wn0RhTNqIDbFsqaYi6m84unpBTq/RJEClb0pCZ+nsipaHW49C3nSE1Q73oTcX/vHZigutuymWcGJRsvihIBDERmb5P+lwhM2JsCWWK21sJG1JFmbEh5W0I3uLLy6RxUfYuy5X7SrF6k8WRg2M4gRJ4cAVVuIMa1IGBhGd4hTdHOy/Ou/Mxb11xspkj+APn8wdrz5Ac</latexit>

Pn+1(s)

After many iterations: fixed point solution



Generalized CLT from blocking?
At criticality:

<latexit sha1_base64="2a1wluwCWZ5yNbFpevlT9/WI7zI=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkUQF2VGirosuumygn1gOwyZNNOGZjJDkhHK0L9w40IRt/6NO//GtJ2Fth4IHM65l9xzgkRwbRznGxXW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB+G7md56Y0jyWD2aSMC8iQ8lDTomx0mPDl30T44Z/4ZcrTtWZA68SNycVyNH0y1/9QUzTiElDBdG65zqJ8TKiDKeCTUv9VLOE0DEZsp6lkkRMe9n84ik+s8oAh7GyTxo8V39vZCTSehIFdjIiZqSXvZn4n9dLTXjjZVwmqWGSLj4KU4FtyFl8POCKUSMmlhCquL0V0xFRhBpbUsmW4C5HXiXty6p7Va3d1yr127yOIpzAKZyDC9dQhwY0oQUUJDzDK7whjV7QO/pYjBZQvnMMf4A+fwCEepAs</latexit>

Hn ! H⇤

Expectation
<latexit sha1_base64="5Z2fry7t4ENyrCyUfk3kV61ZyTE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgBUsiRV0W3XRZwT6gjWEynbRDJ5NhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3nkAwqrTjfFuFtfWNza3idmlnd2//wD486qg4kZi0ccxi2QuQIoxy0tZUM9ITkqAoYKQbTG5nfveRSEVjfq9TQbwIjTgNKUbaSL5dbvnVgZCx0DEkD9l5069Ofbvi1Jw54Cpxc1IBOVq+/TUYxjiJCNeYIaX6riO0lyGpKWZkWhokigiEJ2hE+oZyFBHlZfPjp/DUKEMYxtIU13Cu/p7IUKRUGgWmM0J6rJa9mfif1090eO1llItEE44Xi8KEQfPpLAk4pJJgzVJDEJbU3ArxGEmEtcmrZEJwl19eJZ2LmntZq9/VK42bPI4iOAYn4Ay44Ao0QBO0QBtgkIJn8ArerCfrxXq3PhatBSufKYM/sD5/AKhflCQ=</latexit>

P⇤ / e�H⇤ Bruce ‘81, Domb and Chen ‘96, Rudnik et al. ‘98,…
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<latexit sha1_base64="xLrfxjbIErkab1TkZVL6qxJOrV0=">AAACAXicbVA9SwNBEN2L3/Hr1EawWQyCVbwTURtBtLGwiGBUyMWwt5mYxd29Y3dOCEds/Cs2ForY+i/s/DduPgpNfDDweG+GmXlxKoXFIPj2ChOTU9Mzs3PF+YXFpWV/ZfXKJpnhUOWJTMxNzCxIoaGKAiXcpAaYiiVcx/enPf/6AYwVib7ETgp1xe60aAnO0EkNfz1CIZtA1RFV57d5FAOynUhn3YZfCspBH3SchENSIkNUGv5X1Ex4pkAjl8zaWhikWM+ZQcEldItRZiFl/J7dQc1RzRTYet7/oEu3nNKkrcS40kj76u+JnClrOyp2nYph2456PfE/r5Zh67CeC51mCJoPFrUySTGhvThoUxjgKDuOMG6Eu5XyNjOMowut6EIIR18eJ1e75XC/vHexVzo+GcYxSzbIJtkmITkgx+SMVEiVcPJInskrefOevBfv3fsYtBa84cwa+QPv8we5DJZx</latexit>

m̃ = mL�/⌫

Problems:  - depends on blocking procedure

- family of probability depending on

as  

<latexit sha1_base64="DSKqR072mwZoPnq/hwsafu0DBfo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9JJjRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7mt564NiJWjzhOuB/RgRKhYBSt9FDrXfSKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYY3/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCx7V+XKfaVUvc3iyMMJnMI5eHANVahBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHutONcg==</latexit>

H⇤
<latexit sha1_base64="foqe1DzyYTy71lb/6AokA+1aTt8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU02kqBeh6MWDhwr2A5JQNttNu3STDbsTsYb+DC8eFPHqr/Hmv3Hb5qCtDwYe780wMy9IBNdg299WYWl5ZXWtuF7a2Nza3inv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawfB64rcfmNJcxvcwSpgfkX7MQ04JGMn1nhiQy9sT75F3yxW7ak+BF4mTkwrK0eiWv7yepGnEYqCCaO06dgJ+RhRwKti45KWaJYQOSZ+5hsYkYtrPpieP8ZFRejiUylQMeKr+nshIpPUoCkxnRGCg572J+J/nphBe+BmPkxRYTGeLwlRgkHjyP+5xxSiIkSGEKm5uxXRAFKFgUiqZEJz5lxdJ67TqnFVrd7VK/SqPo4gO0CE6Rg46R3V0gxqoiSiS6Bm9ojcLrBfr3fqYtRasfGYf/YH1+QPRIJD2</latexit>

⇣ = L/⇠
<latexit sha1_base64="JyD1tQ8u7qFNZ7V3WzX4BfQ+WVg=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBg5REinosevHgoYL9gCaWzXbTLt1swu5EDaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPNjwTXY9rdVWFpeWV0rrpc2Nre2d8q7ey0dJYqyJo1EpDo+0UxwyZrAQbBOrBgJfcHa/uhq4rcfmNI8kneQxswLyUDygFMCRrq/OXGfuAuRy2UAaa9csav2FHiRODmpoByNXvnL7Uc0CZkEKojWXceOwcuIAk4FG5fcRLOY0BEZsK6hkoRMe9n06jE+MkofB5EyJQFP1d8TGQm1TkPfdIYEhnrem4j/ed0Eggsv4zJOgEk6WxQkAkOEJxHgPleMgkgNIVRxcyumQ6IIBRNUyYTgzL+8SFqnVeesWrutVeqXeRxFdIAO0TFy0Dmqo2vUQE1EkULP6BW9WY/Wi/VufcxaC1Y+s4/+wPr8AYHWkok=</latexit>

L, ⇠ ! 1



Universality of critical PDF: rate function
<latexit sha1_base64="xLrfxjbIErkab1TkZVL6qxJOrV0=">AAACAXicbVA9SwNBEN2L3/Hr1EawWQyCVbwTURtBtLGwiGBUyMWwt5mYxd29Y3dOCEds/Cs2ForY+i/s/DduPgpNfDDweG+GmXlxKoXFIPj2ChOTU9Mzs3PF+YXFpWV/ZfXKJpnhUOWJTMxNzCxIoaGKAiXcpAaYiiVcx/enPf/6AYwVib7ETgp1xe60aAnO0EkNfz1CIZtA1RFV57d5FAOynUhn3YZfCspBH3SchENSIkNUGv5X1Ex4pkAjl8zaWhikWM+ZQcEldItRZiFl/J7dQc1RzRTYet7/oEu3nNKkrcS40kj76u+JnClrOyp2nYph2456PfE/r5Zh67CeC51mCJoPFrUySTGhvThoUxjgKDuOMG6Eu5XyNjOMowut6EIIR18eJ1e75XC/vHexVzo+GcYxSzbIJtkmITkgx+SMVEiVcPJInskrefOevBfv3fsYtBa84cwa+QPv8we5DJZx</latexit>

m̃ = mL�/⌫

Family of  rate functions
Similar to a free energy
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Choose                      , such that                                   is constant. 
<latexit sha1_base64="Vz/qXtDG2gCg+Uv5Ip13AMAwPR4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBHqpsxIUZdFNy5cVOgLpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwb03YW2nogcDjnXnLPCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8d3M7zxRpZkUTTNJaBDjoWARI9hYyW9WHi56RqJmn/RLZbfqzoFWiZeTMuRo9EtfvYEkaUyFIRxr7XtuYoIMK8MIp9NiL9U0wWSMh9S3VOCY6iCbnzxF51YZoEgq+4RBc/X3RoZjrSdxaCdjbEZ62ZuJ/3l+aqKbIGMiSQ0VZPFRlHJkQ87yowFTlBg+sQQTxeytiIywwsTYloq2BG858ippX1a9q2rtsVau3+Z1FOAUzqACHlxDHe6hAS0gIOEZXuHNMc6L8+58LEbXnHznBP7A+fwB2zmQVw==</latexit>

T (L) ! Tc

<latexit sha1_base64="+XllBx3d9YGuYHOeKich9OQ4eXE=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjGBDbaGqBsTohsXLDDhldCGTIcpTJhOm5mpipVPceNCY9z6Je78GwfoQsGT3OTknHtz7z1exKhUlvVtZFZW19Y3spu5re2d3T0zv9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6nvrtOyIkDXlDjSPiBmjAqU8xUlrqmXnnkSh0WTtxHmixUayVSj2zYJWtGeAysVNSACnqPfPL6Yc4DghXmCEpu7YVKTdBQlHMyCTnxJJECI/QgHQ15Sgg0k1mp0/gsVb60A+FLq7gTP09kaBAynHg6c4AqaFc9Kbif143Vv6Fm1AexYpwPF/kxwyqEE5zgH0qCFZsrAnCgupbIR4igbDSaeV0CPbiy8ukdVq2z8qV20qhepXGkQWH4AgUgQ3OQRXcgDpoAgzuwTN4BW/Gk/FivBsf89aMkc4cgD8wPn8AKrSSpQ==</latexit>

⇣ = L/⇠(T (L))
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<latexit sha1_base64="ZGAd5moukwtztjkReiQ4UylOdls="></latexit>

P (m) / e�LdI(m,⇠,L) = e�I⇤
⇣ (m̃)

<latexit sha1_base64="K34GarHE6mXJM9DiL2JaTRIiCq8=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIHsKuBPUY9KK3COYB2RhmJ51kyOyDmV4hhvgrXjwo4tUP8ebfOEn2oIkFDUVVN91dfiyFRsf5tpaWV1bX1jMb2c2t7Z1de2+/pqNEcajySEaq4TMNUoRQRYESGrECFvgS6v7gauLXH0BpEYV3OIyhFbBeKLqCMzRS287d3J+0vUdAVvBQyA7Q4Lht552iMwVdJG5K8iRFpW1/eZ2IJwGEyCXTuuk6MbZGTKHgEsZZL9EQMz5gPWgaGrIAdGs0PX5Mj4zSod1ImQqRTtXfEyMWaD0MfNMZMOzreW8i/uc1E+xetEYijBOEkM8WdRNJMaKTJGhHKOAoh4YwroS5lfI+U4yjyStrQnDnX14ktdOie1Ys3Zby5cs0jgw5IIekQFxyTsrkmlRIlXAyJM/klbxZT9aL9W59zFqXrHQmR/7A+vwBbWST/g==</latexit>

I⇤⇣ (m̃)



Functional RG

Scale-dependent Gibbs energy
(Wetterich ‘93)

<latexit sha1_base64="GWSpbun70K+Ws3bgebmImEhUbIc="></latexit>

@k�k =
1

2
Tr

⇣
@kRk(�

(2)
k +Rk)

�1
⌘

<latexit sha1_base64="gY1QKi7vy7mKkgDdY4maBUpuK7w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREFD0WvHisaNpCW8tmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsHDR2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAajm6nffEKleSwfzDjBbkQHkoecUWOle//xrFeuuFV3BrJMvJxUIEe9V/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJrzuZlwmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEwa51XvsureXVRqbh5HEY7gGE7BgyuowS3UwQcGA3iGV3hzhPPivDsf89aCk88cwh84nz/GFo1n</latexit>

U⇤

0.0 0.5 1.0 1.5
m̃

0.0

0.5

1.0

1.5

2.0
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<latexit sha1_base64="xkeAlJ8zWp3P90qOYd25yb2V3kY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCF2siih4LXjxWsB/QxLLZbtqlm03YnQgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBYngGhzn2yqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE4wvpn6nUemNI/lPWQJ8yMylDzklICR+nYVjx/yUy9gQM48mU68ZMT7ds2pOzPgZeIWpIYKNPv2lzeIaRoxCVQQrXuuk4CfEwWcCjapeKlmCaFjMmQ9QyWJmPbz2fETfGyUAQ5jZUoCnqm/J3ISaZ1FgemMCIz0ojcV//N6KYTXfs5lkgKTdL4oTAWGGE+TwAOuGAWRGUKo4uZWTEdEEQomr4oJwV18eZm0z+vuZd25u6g1nCKOMjpER+gEuegKNdAtaqIWoihDz+gVvVlP1ov1bn3MW0tWMVNFf2B9/gAv3ZRs</latexit>

k��/⌫�

Fixed point effective potential

Gives very good estimates of critical exponents, phase diagrams, generalizable to many other problems 
(out-of-eq., quantum systems, high-energy physics, etc.) 

return to convexity

<latexit sha1_base64="/qPjZdA5lRh8SCzZVHX3QQ9UcF0=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoW5KIkVdFt24rGDaQhPCZDpph04uzEyEGoqv4saFIm59D3e+jdM2C239YeDjP+cw5/xByplUlvVtlFZW19Y3ypuVre2d3T1z/6Atk0wQ6pCEJ6IbYEk5i6mjmOK0mwqKo4DTTjC6mdY7D1RIlsT3apxSL8KDmIWMYKUt3zxy/FHNTYfszFUJcubom1Wrbs2ElsEuoAqFWr755fYTkkU0VoRjKXu2lSovx0Ixwumk4maSppiM8ID2NMY4otLLZ9tP0Kl2+ihMhH6xQjP390SOIynHUaA7I6yGcrE2Nf+r9TIVXnk5i9NM0ZjMPwozjvSh0yhQnwlKFB9rwEQwvSsiQywwUTqwig7BXjx5Gdrndfui3rhrVJvXRRxlOIYTqIENl9CEW2iBAwQe4Rle4c14Ml6Md+Nj3loyiplD+CPj8wfMrpQr</latexit>

Uk(�) ! U(�)
<latexit sha1_base64="bmYo6StmxcTTBUHJD1cUBr2pFIo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa67z7xXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNe043e</latexit>

⇠
<latexit sha1_base64="qyOAFRYkF9IavbKZGp9ZJAaMcUE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWao0f0jMv65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0nrvOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AKJKO3g==</latexit>

k�1

<latexit sha1_base64="3aULPWOMxJvxnPptqjmbqE8f3NA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpQfRue+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fz+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8dro2z</latexit>

lG
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

Fixed point (non convex)

<latexit sha1_base64="N1xNeIg6Nz/7fzC1hFVhKz1Nwcc=">AAACF3icbVDLSgMxFM34rPVVdekmWIQqWGekqMuiG5cVnLbQaUsmvW3DZDJjkhHK0L9w46+4caGIW935N6aPhbYeCBzOOZebe/yYM6Vt+9taWFxaXlnNrGXXNza3tnM7u1UVJZKCSyMeybpPFHAmwNVMc6jHEkjoc6j5wfXIrz2AVCwSd3oQQzMkPcG6jBJtpHauiN12UPDiPjvyFAvhHget9KQzdFvHhRHzfNDk1BPJcJxp5/J20R4DzxNnSvJoiko79+V1IpqEIDTlRKmGY8e6mRKpGeUwzHqJgpjQgPSgYaggIahmOr5riA+N0sHdSJonNB6rvydSEio1CH2TDInuq1lvJP7nNRLdvWymTMSJBkEni7oJxzrCo5Jwh0mgmg8MIVQy81dM+0QSqk2VWVOCM3vyPKmeFZ3zYum2lC9fTevIoH10gArIQReojG5QBbmIokf0jF7Rm/VkvVjv1sckumBNZ/bQH1ifPy+gnrk=</latexit>

Uk(�) ' k�dU⇤(k��/⌫�)

<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�

<latexit sha1_base64="heZxAd/GoHht+03yYvewsM72z0o="></latexit>

e��k[�] =

Z
D'e�H[']� 1

2 (��').Rk.(��')+
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Functional for the rate function

Define a “flowing” probability distribution and rate function

Problem: flow of the rate function is not closed

Define

with 

<latexit sha1_base64="iaNclhO8MKCQB9QeANA5CcPT6jc="></latexit>

exp(��̂k[�]) =

Z
D' exp

 
�H(')� 1/2(�� ').R̂k.(�� ') +

��̂k

��
.('� �)

!

<latexit sha1_base64="esfapRoIDA1HhO5rEHLpnWlHa/8="></latexit>

R̂k(q) =

(
1, if q = 0,

Rk(q), if q > 0.

<latexit sha1_base64="DnzPotGubXmT/D2qk5VOfRQrDW8="></latexit>

Pk(m) = exp(�L
d
Ik(m)) =

Z
D' �

✓
m� L

�d

Z

x
'

◆
exp(�H(')� 1/2'.Rk.')

Flow equation for              closed and 
<latexit sha1_base64="Fy0r52TD3eyvZaUruVzO8P5e6Kw=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArQT0GPegxgnlAdll6J5NkyMzsMjMrhCX+ihcPinj1Q7z5N04eB00saCiquunuilPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLZ1kitAmSXiiOjFoypmkTcMMp51UURAxp+14dDP1249UaZbIBzNOaShgIFmfETBWitxyMASDg1sQAqJRN0iHLIzcilf1ZsCrxF+QClqgEblfQS8hmaDSEA5ad30vNWEOyjDC6aQUZJqmQEYwoF1LJQiqw3x2/ASfWqWH+4myJQ2eqb8nchBaj0VsOwWYoV72puJ/Xjcz/aswZzLNDJVkvqifcWwSPE0C95iixPCxJUAUs7diMgQFxNi8SjYEf/nlVdI6r/oX1dp9rVK/XsRRRMfoBJ0hH12iOrpDDdREBI3RM3pFb86T8+K8Ox/z1oKzmCmjP3A+fwBCgZSJ</latexit>

�̂k[�]
<latexit sha1_base64="TCWyQ4aRUWdUPW9oDtRzXN2jf3E=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7ArQW0CQQu1i2AekF2Wu5NJMuzM7jIzK4SQxsZfsbFQxNZ/sPNvnDwKTTxw4XDOvdx7T5BwprRtf1uZpeWV1bXsem5jc2t7J7+711BxKgmtk5jHshWAopxFtK6Z5rSVSAoi4LQZhFdjv/lApWJxdK8HCfUE9CLWZQS0kfz84a0fFsVJxe2Dxu41CAF+2HaTPqsIz88X7JI9AV4kzowU0Aw1P//ldmKSChppwkGptmMn2huC1IxwOsq5qaIJkBB6tG1oBIIqbzj5YoSPjdLB3ViaijSeqL8nhiCUGojAdArQfTXvjcX/vHaquxfekEVJqmlEpou6Kcc6xuNIcIdJSjQfGAJEMnMrJn2QQLQJLmdCcOZfXiSN05JzVirflQvVy1kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/Uxbc1Ys5l99AfW5w/wjJeb</latexit>

Ik(m) = �̂k[� = m]



Flow equation for the rate function

Simple approximation: “Local Potential Approximation”

Non-linear partial differential equation, boundary layers, cusps, shocks

flow stops (non convex)

<latexit sha1_base64="bmYo6StmxcTTBUHJD1cUBr2pFIo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa67z7xXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNe043e</latexit>

⇠
<latexit sha1_base64="qyOAFRYkF9IavbKZGp9ZJAaMcUE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWao0f0jMv65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0nrvOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AKJKO3g==</latexit>

k�1

<latexit sha1_base64="3aULPWOMxJvxnPptqjmbqE8f3NA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpQfRue+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fz+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8dro2z</latexit>

lG
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

Fixed point (non convex)

<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

� <latexit sha1_base64="QWtP7ZwrCJBXHbuZYpNF+zSVI34=">AAACDnicbVDLSgMxFM3UV62vUZduBkuhFawzUtRl0Y2Ciwr2AZ22ZNK0DU0yIckIZZgvcOOvuHGhiFvX7vwb08dCWw8EDufcy805gaBEadf9tlJLyyura+n1zMbm1vaOvbtXU2EkEa6ikIayEUCFKeG4qommuCEkhiyguB4Mr8Z+/QFLRUJ+r0cCtxjsc9IjCGojdezcTZ4VfCFDoUPnth0fd5Nq+yhvmB9gDU98HiWs0LGzbtGdwFkk3oxkwQyVjv3ld0MUMcw1olCppucK3Yqh1ARRnGT8SGEB0RD2cdNQDhlWrXgSJ3FyRuk6vVCax7UzUX9vxJApNWKBmWRQD9S8Nxb/85qR7l20YsJFpDFH00O9iDom+rgbp0skRpqODIFIEvNXBw2ghEibBjOmBG8+8iKpnRa9s2LprpQtX87qSIMDcAjywAPnoAyuQQVUAQKP4Bm8gjfryXqx3q2P6WjKmu3sgz+wPn8AeMqbIw==</latexit>

I(m) / L�dU⇤(L�/⌫m)
<latexit sha1_base64="dEZQa/JPfStQxqoX4PaK0p0iDu0=">AAACEXicbVDNSsNAGNzUv1r/qh69BIvQCtZEinosetFbBdMWmrZsNpt2ye4m7G6EEvoKXnwVLx4U8erNm2/jpu1BWwcWhpnv49sZL6ZEKsv6NnJLyyura/n1wsbm1vZOcXevKaNEIOygiEai7UGJKeHYUURR3I4FhsyjuOWF15nfesBCkojfq1GMuwwOOAkIgkpL/WL5th+WWcWNRRSryAx76Yk/dnrH5Yy5Hlbw1OXJmFX6xZJVtSYwF4k9IyUwQ6Nf/HL9CCUMc4UolLJjW7HqplAogigeF9xE4hiiEA5wR1MOGZbddJJobB5pxTeDSOjHlTlRf2+kkEk5Yp6eZFAN5byXif95nUQFl92U8DhRmKPpoSChps6e1WP6RGCk6EgTiATRfzXREAqIlC6xoEuw5yMvkuZZ1T6v1u5qpfrVrI48OACHoAxscAHq4AY0gAMQeATP4BW8GU/Gi/FufExHc8ZsZx/8gfH5A+q+nHY=</latexit>
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Results

Rate function from modified FRG (Local Potential Approximation)

No fitting parameters (beyond normalization)
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Conclusions

- Renormalization group is a natural framework to understand strongly correlated variables

- Modified FRG is an explicit construction from first principle of the rate function

- Rate function controlled by the fixed point potential of FRG

- Beyond the Ising model: critical dynamics, KPZ, quantum systems…

- Allows for explicit computation of “mesoscopic/low energy” effective models, based on 
systematically improvable and convergent approximations





Return to convexity
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Probability distribution and RG fixed points

Direct connection between the probability distribution and RG fixed point quantities we compute?

Wilson’s RG 
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Fixed point coupling constants

Link between Wilson’s RG and probability distribution:
Bruce ‘81, Domb and Chen ‘96, Rudnik et al. ‘98,…

Based on perturbative RG, inclusion of finite size ad hoc…
and fixed point couplings are scheme dependent!?!
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